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08 Manifolds with weighted Poinaré inequality
and uniqueness of minimal hypersurfaes
∗
Xu Cheng and Detang Zhou
Abstrat
In this paper, we obtain results on rigidity of omplete Riemannian
manifolds with weighted Poinaré inequality. As an appliation, we
prove that if M is a omplete
n−2
n
-stable minimal hypersurfae in R
n+1
with n ≥ 3 and has bounded norm of the seond fundamental form,
then M must either have only one end or be a atenoid.
1 Introdution
In this paper, we will disuss omplete Riemannian manifolds with weighted
Poinaré inequality and minimal hypersurfaes with δ-stability in the Eulid-
ian spae R
n+1
with n ≥ 3. We rst reall some bakgrounds.
Let M be an n-dimensional Riemannian manifold. Given a Shrödinger
operator L = ∆+ q(x), x ∈M on M , we onsider the eigenvalue problem on
a ompat subdomain D ⊂M :{
Lf + λf = 0, in D;
f |∂D = 0.
It has disrete spetrum and the number of negative eigenvalues is nite. The
(Morse) index of L on M is dened as the supremum, over ompat domains
of M , of the number of negative eigenvalues (ounted with multipliity) of L
with Dirihlet boundary ondition.
IfM is a omplete onneted immersed minimal hypersurfae inRn+1, n ≥
2 and if L is the Jaobi operator L = ∆+ |A|2, where |A| denotes the norm
∗
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of the seond fundamental form of M , then the index of L is said to be the
(Morse) index of M . M is said to be stable if the index of M is 0, whih
is equivalent to say that, for all ompatly supported pieewisely smooth
funtion f ∈ C∞o (M), ∫
M
(|∇f |2 − |A|2f 2) ≥ 0. (1.1)
It is known that a omplete stable minimal surfae in R
3
is plane, whih
was proved by do Carmo and Peng, and Fisher-Cobrie and Shoen indepen-
dently ([dCP℄, [FS℄); and that only index one omplete minimal surfaes in
R
3
are the atenoid and Enneper surfae, whih was proved by Lopez and
Ros [LR℄.
While it is unknown that a omplete stable minimal hypersurfae in R
n+1
is a hyperplane when n ≤ 7, Cao, Shen and Zhu [CSZ℄ proved that a omplete
stable minimal hypersurfae in R
n+1
must have only one end for all dimen-
sion n ≥ 3. Tam and Zhou [TZ℄ reently showed that an (n-diemensional)
atenoid in the Eulidean spae R
n+1
with n ≥ 3 has index 1 .
Now let us assume L = ∆ + δ|A|2 on minimal hypersurfae M in Rn+1
for some number 0 < δ ≤ 1 . We may similarly dene that M is δ-stable if∫
M
(|∇f |2 − δ|A|2f 2) ≥ 0 (1.2)
for all f ∈ C∞o (M).
Obviously, given δ1 > δ2, δ1-stable implies δ2-stable. So M is stable
implies that M is δ-stable for all 0 < δ ≤ 1. Hyperplane is δ-stable for all
0 < δ ≤ 1.
There are some work on δ-stable minimal hypersurfas. Kawai [K℄ proved
a δ-stable, δ > 1
8
omplete minimal surfae in R
3
must be plane. Reently,
Meeks, Pérez and Ros [MPR℄ showed that any omplete embedded δ-stable
minimal surfae in R
3
with nite genus is at. In the ase of higher dimension
n ≥ 3, we have, diretly from the argument in [CSZ℄, that the result of Cao,
Shen and Zhu also holds for
n−1
n
-stable. Reently Tam and Zhou [TZ℄ showed
that a atenoid in R
n+1
is
n−2
n
-stable. Also they proved that if M is an n−2
n
-
stable omplete immersed minimal hypersurfae in R
n+1
and if
lim
R→+∞
1
R2
∫
B(2R)\B(R)
|A| 2(n−2)n = 0,
then M is either a hyperplane or a atenoid.
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In this paper, we prove that if an
n−2
n
-stable omplete minimal hypersur-
fae in R
n+1
with n ≥ 3 and the norm of its seond fundamental form satises
some growth ondition, then it either has only one end or is a atenoid. More
preisely, we show
Theorem 1.1. Let M be an n−2
n
-stable omplete minimal hypersurfae in
R
n+1
for n ≥ 3 and the norm of its seond fundamental form satises
lim
R→+∞
sup
B(R)
|A|/Rn−32 = 0 for n ≥ 4;
lim
R→+∞
sup
B(R)
|A|/lnR = 0 for n = 3, (1.3)
then M either has only one end or is a atenoid.
From Theorem 1.1, we have the following result:
Corollary 1.1. Let M be an n−2
n
-stable omplete minimal hypersurfae in
R
n+1, n ≥ 3 with at least two ends. If it has bounded norm of the seond
fundamental form, then M must be a atenoid.
Our results for minimal hypersurfaes rely on the study on omplete man-
ifolds with weighted Poinaré inequality whih is of independent interest.
Let M be a omplete Riemannian manifold. Reall from [LW3℄ that a
omplete Riemannian manifold (M, ds2) is said to satisfy a weighted Poinaré
inequality with nonnegative weighted funtion ρ if the inequality∫
M
|∇f |2 ≥
∫
M
ρf 2
holds for all ompatly supported pieewisely smooth funtion f ∈ C+∞o (M).
Further, M is said to satisfy property (Pρ) for non-zero nonnegative
weight funtion ρ(x) if,
(1) M satises a weighted Poinaré inequality with ρ; and
(2) the onformal metri ρds2 is omplete.
In [LW3℄, Li and Wang studied omplete manifolds satisfying property
(Pρ) and obtained many theorems on rigidity. Later the rst author [C℄
disussed omplete manifolds with Poinaré inequality and obtain results
on the uniqueness of ends whih an be applied to study stable minimal
hypersurfaes in a Riemannian manifold. In this paper, we generalize one
result of Li and Wang ([LW3℄, Theorem 5.2) to the following
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Theorem 1.2. Let M be a omplete n-dimensional (n ≥ 3) Riemannian
manifold with property (Pρ) for some nonzero weight funtion ρ. Suppose
the Rii urvature of M has the lower bound
RicM(x) ≥ −(n− 1)τ(x), x ∈M,
where τ(x) satises Poinaré inequality∫
M
|∇f |2 ≥ (n− 2)
∫
M
τf 2, for all f ∈ C+∞o (M).
If ρ and τ satisfy the growth ondition
lim inf
R→+∞
S(R)e−
(n−3)
n−2
R = 0 for n ≥ 4
lim inf
R→+∞
S(R)R−1 = 0 for n = 3, (1.4)
where
S(R) = sup
x∈Bρ(R)
(
√
ρ(x),
√
τ(x)),
then either
1) M has only one nonparaboli end; or
2) M has two nonparaboli ends and is given by M = R×N with the warped
produt metri
ds2M = dt
2 + η2(t)ds2N ,
for some positive funtion η(t) and some ompat manifold N . Moreover,
τ(t) is a funtion of t alone satisfying
(n− 2)η′′η−1 = τ.
If we hoose τ = 1
n−2
ρ in Theorem 1.2, it is just Theorem 5.2 of [LW3℄. In
the ase of minimal hypersurfaes, we ouldn't nd any weighed funtion ρ in
a Poinaré inequality, whih satises both the ompleteness of the metri ρds2
and the lower bound estimate of Rii urvature of M . Hene we ouldn't
apply the theorem of Li and Wang. Instead, our theorem 1.2 is suitable to
our minimal ase (see Theorem 1.1).
The work of Li and Wang on omplete manifolds satisfying weighted
Poinaré inequality is a generalization of their one on omplete manifolds with
positive spetrum ([LW1℄ and [LW2℄. See [LW3℄ and the referenes therein).
Let λ1(M) be the largest lower bound of the spetrum of the Laplaian with
respet to the metri of M . Theorem 1.2 implies the following result.
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Corollary 1.2. Let M be a omplete n-dimensional (n ≥ 3) Riemannian
manifold with positive spetrum (i.e. λ1(M) > 0). Suppose the Rii urva-
ture of M has the lower bound
RicM(x) ≥ −(n− 1)τ(x), x ∈M,
where τ(x) satises Poinaré inequality∫
M
|∇f |2 ≥ (n− 2)
∫
M
τf 2, for all f ∈ C+∞o (M).
If τ satises the growth ondition
lim inf
R→+∞
( sup
x∈B(R)
τ(x))e−
2(n−3)
n−2
R = 0 for n ≥ 4
lim inf
R→+∞
( sup
x∈B(R)
τ(x))R−2 = 0 for n = 3, (1.5)
then either
1) M has only one nonparaboli end; or
2) M has two nonparaboli ends and is given by M = R×N with the warped
produt metri
ds2M = dt
2 + η2(t)ds2N ,
for some positive funtion η(t) and some ompat manifold N . Moreover,
τ(t) is a funtion of t alone satisfying
(n− 2)η′′η−1 = τ.
This orollary generalizes Theorem 2.1 in [LW1℄ (just hoose τ(x) = λ1(M)
n−2
and use the fat a nonparaboli end with λ1(M) > 0 has innite volume).
Throughout this paper, all manifolds are assumed to be oriented.
Aknowledgement: The authors would like to thank Jiaping Wang
for very helpful disussions during their visit to the Chinese Hong Kong
University.
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2 Rigidity of omplete manifolds
In this setion, we will onsider the struture of a omplete manifold M
with property (Pρ). Sine we follow the argument of Li and Wang ([LW3℄,
Theorem 5.2) with some hanges of tehniques in the proof of our Theorem
1.2, we reommend [LW3℄ as a omplement when neessary.
Let d(x, y) and dρ(x, y) denote the distane between x and y with re-
spet to ds2 and ρ2ds2 respetively. B(x,R) = {y ∈ M ; d(x, y) < R} and
Bρ(x,R) = {y ∈ M ; dρ(x, y) < R}. For a xed point p ∈ M , we denote
r(x) and rρ(x) the distane funtion with respet to metri ds
2
and on-
formal metri ρds2 from p respetively. B(R) = {x ∈ M ; r(x) < R} and
Bρ(R) = {x ∈M ; rρ(x) < R}.
We need the following onstrution of harmoni funtions (see [LW3℄, §5).
Suppose M has at least two nonparaboli ends E1 and E2. A theory of
Li and Tam [LT℄ asserts that one an get a nononstant bounded harmoni
funtion f with nite Dirihlet integral by taking a onvergent subsequene
of the harmoni funtions fR as R→ +∞, satisfying
∆fR = 0 on B(R),
with boundary onditions{
fR = 1, on ∂B(R) ∩ E1;
fR = 0, on ∂B(R) \ E1.
It follows from the maximum priniple that 0 ≤ fR ≤ 1 for all R and hene
0 ≤ f ≤ 1.
Now we prove Theorem 1.2.
Proof. If M has at least two nonparaboli ends, then there exists a bounded
harmoni funtion f with nite Dirihlet integral onstruted as above. We
may assume that inf f = 0 and sup f = 1.
Then the Bohner formula and the lower bound of the Rii urvature
imply (f. [LW3℄, Lemm 4.1)
∆|∇f | ≥ −(n− 1)τ |∇f |+ 1
n− 1
|∇|∇f ||2
|∇f | . (2.1)
Set α = n−2
n−1
and g = |∇f |α. (2.1) implies
∆g = α(α− 1)|∇f |α−2|∇|∇f ||2 + α|∇f |α−1∆|∇f |
≥ −(n− 2)τg. (2.2)
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We will show inequality (2.2) is atually an equality. For any nonnegative
ompatly supported pieewisely smooth funtion φ on M , we have∫
M
φ2g(∆g + (n− 2)τg)
= −2
∫
M
φg〈∇g,∇φ〉 −
∫
M
φ2|∇g|2 +
∫
M
(n− 2)τ(φg)2
≤ −2
∫
M
φg〈∇g,∇φ〉 −
∫
M
φ2|∇g|2 +
∫
M
|∇(φg)|2 (2.3)
=
∫
M
|∇φ|2|∇f | 2(n−2)n−1 =
∫
M
|∇φ|2g2.
The inequality in (2.3) holds sine τ satises Poinaré inequality.
Choose φ = ψχ, where ψ and χ denote two pieewisely smooth ompatly
supported funtions on M to be hosen later. Then∫
M
|∇φ|2g2 ≤ 2
∫
M
|∇ψ|2χ2|∇f | 2(n−2)n−1 + 2
∫
M
|∇χ|2ψ2|∇f | 2(n−2)n−1 . (2.4)
We rst onsider the ase of n ≥ 4. For R > 1 we let ψ(x) be a funtion
depending on the ρ-distane:
ψ(x) =


1 on Bρ(R− 1),
R− rρ on Bρ(R) \Bρ(R− 1),
0 on M \Bρ(R).
For σ ∈ (0, 1) and ǫ ∈ (0, 1
2
), we dene χ on the level sets of f :
χ(x) =


0 on L(0, σǫ) ∪ L(1− σǫ, 1),
(ǫ− σǫ)−1(f − σǫ) on L(σǫ, ǫ) ∩ (M \ E1),
(ǫ− σǫ)−1(1− σǫ− f) on L(1− ǫ, 1− σǫ) ∩ E1,
1 otherwise,
where we denote the set L(a, b) = {x ∈M |a < f(x) < b}.
Denote the set
Ω = E1 ∩ (Bρ(R) \Bρ(R− 1)) ∩ (L(σǫ, 1− σǫ)).
Reall the growth estimate for |∇f | (Corollary 2.3 of [LW3℄):∫
Bρ(R+1)\Bρ(R)
|∇f |2 ≤ Ce−2R
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and the deay estimate for f ((2.10) in [LW3℄):∫
E1∩Bρ(R+1)\E1∩Bρ(R)
ρ(1− f)2 ≤ Ce−2R.
We have (∫
Ω
|∇f |2
)n−2
n−1
≤ Ce− 2(n−2)n−1 R (2.5)
and with notation S(R) as in the statement of theorem,∫
Ω
ρn−1 ≤ (S(R))2(n−2)
∫
Ω
ρ
≤ (σǫ)−2(S(R))2(n−2)
∫
Ω
ρ(1− f)2
≤ C(S(R))2(n−2)(σǫ)−2e−2R.
(2.6)
Hene, by |∇rρ|(x) = ρ(x), (2.5) and (2.6), we have∫
E1
|∇ψ|2χ2|∇f | 2(n−2)n−1 ≤
∫
Ω
ρ|∇f | 2(n−2)n−1
≤
(∫
Ω
|∇f |2
)n−2
n−1
(∫
Ω
ρn−1
) 1
n−1
≤ C(σǫ)− 2n−1 (S(R)) 2(n−2)n−1 e− 2(n−2)n−1 R− 2n−1R
≤ C(σǫ)− 2n−1 (S(R)) 2(n−2)n−1 e−2R.
(2.7)
Note the assumption that the Rii urvature of M is bounded from below
by −(n − 1)τ(x). Then the loal gradient estimate of Cheng and Yau [CY℄
(f [LW2℄) implies that there exists a onstant Cn depending on n suh that
|∇f |(x) ≤ Cn( sup
y∈B(x,R)
√
τ(y) +R−1)|f(x)|, x ∈M
for all R > 0.
Set ρ¯(x) = 1
2
ρ(x) + 1
2
(n− 2)τ(x), x ∈M . Then √τ ≤
√
2
n−2
ρ¯ and
|∇f |(x) ≤ C( sup
y∈B(x,R)
√
ρ¯(y) +R−1)|f(x)|. (2.8)
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Fix x ∈ M and onsider the funtion η(R) = √2R − (supB(x,R)
√
ρ¯)−1.
Observe that η(R) tends to +∞ as R → ∞ and tends to a negative num-
ber as R → 0. There exists a R0 depending on x suh that
√
2R0 =
(supB(x,R0)
√
ρ¯)−1. hene
|∇f |(x) ≤ C( sup
B(x,R0)
√
ρ¯)|f(x)|. (2.9)
For any y ∈ B(x,R0), let γ(s), s ∈ [0, l] be a minimizing geodesi on-
neting x and y with respet to the bakground metri ds2, where s is the
ar-length of γ in ds2. The distane dρ(x, y) with respet to ρds
2
satises
dρ(x, y) ≤
∫ l
0
√
ρ(γ(s))ds
≤
∫ l
0
√
2
√
ρ¯(γ(s))ds
≤ ( sup
B(x,R0)
√
ρ¯)(
√
2R0) = 1.
(2.10)
This implies B(x,R0) ⊂ Bρ(x, 1). Hene
|∇f |(x) ≤ C( sup
Bρ(x,1)
√
ρ¯)|f(x)|, x ∈M. (2.11)
Similarly, we have
|∇f |(x) ≤ C( sup
Bρ(x,1)
√
ρ¯)|1− f(x)|, x ∈M. (2.12)
On E1, we have∫
E1
|∇χ|2ψ2|∇f | 2(n−2)n−1
≤ C((1− σ)ǫ)−2
∫
L(1−ǫ,1−σǫ)∩E1∩Bρ(R)
|∇f | 2(n−2)n−1 +2 (2.13)
≤ CS 2(n−2)n−1 (R + 1)((1− σ)ǫ)−2
∫
L(1−ǫ,1−σǫ)∩E1∩Bρ(R)
|∇f |2(1− f) 2(n−2)n−1 .
Note that Lemma 5.1 of [LW3℄ asserts that the integral of |∇f | on the level
set l(t) = {x ∈ M |f(x) = t}, 0 ≤ t ≤ b, is invariant. Using this onlusion
and the o-area formula and Lemma 5.1 in [LW3℄, we have
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∫
L(1−ǫ,1−σǫ)∩E1∩Bρ(R)
|∇f |2(1− f) 2(n−2)n−1
≤
∫ 1−σǫ
1−ǫ
(1− t) 2(n−2)n−1
∫
l(t)∩E1∩Bρ(R)
|∇f |dAdt
≤ C
∫
l(b)
|∇f |dA
∫ 1−σǫ
1−ǫ
(1− t) 2(n−2)n−1 dt (2.14)
= C
∫
l(b)
|∇f |dA · (1− σ 2(n−2)n−1 +1)ǫ 2(n−2)n−1 +1.
Substitute (2.14) into (2.13). Then∫
E1
|∇χ|2ψ2|∇f | 2(n−2)n−1 ≤ CS 2(n−2)n−1 (R + 1)(1− σ)−2(1− σ 2(n−2)n−1 +1)ǫn−3n−1 .
(2.15)
Setting σ = 1
2
, we have∫
E1
|∇φ|2|∇f | 2(n−2)n−1 ≤ CS 2(n−2)n−1 (R + 1)(e−2Rǫ− 2n−1 + ǫn−3n−1 ).
Let us hoose ǫ = e−2R. Then∫
E1
|∇φ|2|∇f | 2(n−2)n−1 ≤ CS 2(n−2)n−1 (R + 1)e− 2(n−3)n−1 R.
(2.16)
Using f instead of 1 − f , similar to the above argument, we have that on
M\E1, ∫
M\E1
|∇φ|2|∇f | 2(n−2)n−1 ≤ CS 2(n−2)n−1 (R + 1)e− 2(n−3)n−1 )R. (2.17)
Hene ∫
M
|∇φ|2|∇f | 2(n−2)n−1 ≤ CS 2(n−2)n−1 (R + 1)e− 2(n−3)n−1 )R. (2.18)
Let R → +∞. By the assumption on S(R), the left in (2.18) is identially
zero. By (2.3), we onlude that (2.2) is atually an equality and hene the
improved Bohner inequality (2.1) must be an equality. Note that Lemma
4.1 of [LW3℄ asserts that if equality in inequality (2.1) holds, the metri of
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M must be a warped produt as desribed in the theorem. We obtain the
onlusion of theorem in the ase of n ≥ 4.
In the ase of n = 3, we may hoose ψ as above and χ to be
χ(x) =


0 on L(0, σǫ) ∪ L(1− σǫ, 1),
(− log σ)−1(log f − log(σǫ)) on L(σǫ, ǫ) ∩ (M \ E1),
(− log σ)−1(log(1− f)− log(1− σǫ)) on L(1− ǫ, 1− σǫ) ∩ E1,
1 otherwise.
By an argument similar to the above one for n ≥ 4 (ombining with the
orresponding estimates for n = 3 in Theorem 5.2 in [LW3℄), we have the
estimate
∫
M
|∇φ|2|∇f | 2(n−2)n−1 ≤ CS(R + 1)(σ−1ǫ−1e−2R + (− log σ)−1). (2.19)
Choose σ = ǫ = e−Rq(R) with q(R) =
√
S(R+1)
R
. Then using the argument
in [LW3℄, we have the right side of (2.19) tends to zero as R → +∞. We
onlude that (2.2) is atually an equality and hene the theorem holds for
n = 3.
3 Appliation to minimal hypersurfaes
Let Mn be a omplete minimal minimal hypersurfae in Rn+1 for n ≥ 3. We
rst give some examples of the metri ρds2 suh that M satises property
(Pρ).
Example 3.1. Let d¯(x, y), x, y ∈ Rn+1 denote the distane between x
and y in Rn+1. Denote by r¯(x), x ∈M the extrinsi distane funtion d¯(x, o)
from a xed point o ∈ R3 (o may be in M or not). It is known that
∆r¯ ≥ (n− 1)r¯−1,
where ∆ is the Laplaian on M .
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For any φ ∈ C∞o (M),
(n− 1)
∫
M
r¯−2φ2 ≤
∫
M
r¯−1φ2∆r¯
= −2
∫
M
r¯−1φ〈∇φ,∇r¯〉+
∫
M
r¯−2φ2|∇r¯|2
≤ 2
∫
M
r¯−1φ|∇φ|+
∫
M
r¯−2φ2.
(n− 2)
∫
M
r¯−2φ2 ≤ 2
∫
M
r¯−1φ|∇φ|
≤ 2(
∫
M
r¯−2φ2)
1
2 (
∫
M
|∇φ|2) 12
Hene ∫
M
|∇φ|2 ≥ (n− 2)
2
4
∫
M
r¯−2φ2 for all φ ∈ C+∞o (M). (3.1)
Let ρ(x) = (n−2)
2
4
r¯−2(x), x ∈ M . Inequality (3.1) asserts the Poinaré in-
equality holds with weighted funtion ρ.
Further the metri ρds2 is omplete. Indeed, take a xed point p ∈ M
with p 6= o. Let r(x), x ∈M denote the intrinsi distane from p. Note that
r¯(x) ≤ d¯(o, p) + d¯(x, p) ≤ r0 + r(x), where r0 = d¯(o, p) > 0. Then r¯−2(x) >
(r0+r(x))
−2. It is known that the metri (r0+r(x))
−2ds2 is omplete. Hene
ρds2 is omplete.
Thus we obtain that M has property (Pρ) for ρ.
Example 3.2. Using smoothing tehnique, we may modify ρ = (n−2)
2
4
r¯−2
in Example 2.1 to get a bounded smooth positive funtion ρ1(x) = ρ1(r¯(x)),
x ∈M suh that M has property (Pρ) for ρ1.
Indeed, let positive number 0 < b ≤ r0 xed, we an hoose number
a, 0 < a < b suh that funtion ζ(r¯) = (n−2)
2
4
(r¯−2 − e− 1(r¯−b)2 ) is stritly
dereasing in (a, b) as r¯ tends inreasingly to b and onstrut the smooth ρ1
ρ1(r¯(x)) =


h(r¯) for r¯(x) ≤ a,
ζ(r¯) for a < r¯(x) < b,
ρ(r¯) for r¯(x) ≥ b,
where h(r¯) is hosen to be bounded and to satisfy ρ(r¯) ≥ h(r¯) ≥ ρ(b) for
r¯ ≤ a.
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Observe that ρ1 ≤ ρ. Hene the Poinaré inequality holds for ρ1. More-
over ρ1ds
2
is omplete sine ρ1(x) ≥ (n−2)
2
4
(r0+r(x))
−2
. In fat, for r¯(x) ≥ b,
ρ1 = ρ. Note that for r¯(x) < b, ρ1(r¯(x) ≥ ρ(b) and 0 < b ≤ r0. Hene
ρ1(r¯(x)) ≥ (n−2)
2
4
(r0 + r(x))
−2
for r¯(x) < b.
Example 3.3 Under the above notations, hoose ρ2(x) =
(n−2)2
4
(r0 +
r(x))−2, x ∈M . Sine ρ2 ≤ ρ, Poinaré inequality holds with weighted fun-
tion ρ2. By the ompleteness of the metri ρ2ds
2
, we know M has property
(Pρ) for ρ2.
Theorem 3.1. (Theorem 1.1) Let M be an n−2
n
-stable omplete minimal
hypersurfae in R
n+1, n ≥ 3 and the norm of its seond fundamental form
satises
lim
R→+∞
sup
B(R)
|A|/Rn−32 = 0 for n ≥ 4;
lim
R→+∞
sup
B(R)
|A|/lnR = 0, for n = 3, (3.2)
then M either has one end or must be a atenoid.
Proof. By the Gauss equation,
|A|2 ≥ h211 +
n∑
i=2
h2ii + 2
n∑
i=1
h21i
≥ h211 +
(
∑n
i=2 hii)
2
n− 1 + 2
n∑
i=1
h21i
≥ n
n− 1
(
h211 +
n∑
i=2
h21i
)
≥ − n
n− 1RicM(e1, e1).
(3.3)
Let us hoose τ = |A|
n
and ρ = ρ1 (or ρ2) in Theorem 1.2. By the boundedness
of ρ1 (or ρ2), the growth assumption (1.5) on ρ is satised. Now we will assert
that the growth assumption (1.5) on τ is also satised.
It an be diretly veried that a minimizing geodesi starting from the
xed point p with respet to ds2 is also a minimizing geodesi starting from
p with respet to ρ2ds
2
. Then by diret alulation, we have Bρ2(R¯) = B(R),
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where R¯ = n−2
2
ln(1 + R
r0
). Then for n ≥ 4
lim
R¯→+∞
sup
Bρ2 (R¯)
|A|e− (n−3)n−2 R¯ = C lim
R→+∞
sup
B(R)
|A|R−n−32 = 0. (3.4)
For n = 3,
lim
R¯→+∞
sup
Bρ2 (R¯)
|A|R¯−1 = C lim
R→+∞
sup
B(R)
|A|(lnR)−1 = 0. (3.5)
If ρ = ρ1, by ρ1 ≥ ρ2, Bρ1(R¯) ⊆ Bρ2(R¯) and hene the growth assumption
on τ also holds for ρ1.
Therefore the onlusion of Theorem 1.2 is valid. Let us assume that M
has at least two ends. Sine every end of a omplete nonompat minimal
hypersurfae in R
n+1
is nonparaboli ([CSZ℄, see its proof also in [CCZ℄),
by Theorem 1.2, we know that M has exatly two nonparaboli ends and
M = R×N with the warped produt metri
ds2M = dt
2 + η2(t)ds2N ,
for some ompat manifold N and some positive funtion η(t). Moreover,
|A| is a funtion of t alone satisfying
(n− 2)η′′η−1 = |A|
n
.
Hene M has a rotationally symmetri metri. By a result of do Carmo
and Dajzer ([dCD℄, Corollary 4.4), it implies that every part of M is a
part of a atenoid. Hene M is ontained in a atenoid C by minimality of
the immersion. Sine M is omplete and the atenoid C is simply onneted
beause n ≥ 3, M must be an embedded hypersurfae, see [Sp, p.330℄. Hene
M is the atenoid.
Theorem 3.1 implies diretly that
Corollary 3.1. (Corollary 1.1) Let M be an n−2
n
-stable omplete minimal
hypersurfae in R
n+1, n ≥ 3 with at least two ends. If its seond fundamental
form is bounded, then M must be a atenoid.
14
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